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I. INTRODUCTION 
The spin transport torque (STT) in magnetic multilayers is an exciting research 
subject and is responsible for interesting phenomena such as current induced 
magnetization switching, the emission of microwaves, and current induced domain wall 
motion.1~5 The spin dynamics of multilayers have been intensively studied under strong 
non-equilibrium conditions subject to a spin polarized current with a high current 
density, where the Joule heating that accompanies the current becomes an important 
factor. The temperature of the magnetic system is important for the quantitative analysis 
of the spin dynamics,6,7,8 and is also related to the stability of the STT device. Although 
the Joule-heating-induced temperature increment has been estimated in a few studies,9,10 
these estimations are rather case-specific and a more systematic investigation is 
therefore needed. In this respect, Holm’s equation11 is very valuable, since it relates the 
maximum temperature increment of arbitrary-shaped contacts with their electrical 
resistance. The validity of Holm’s equation has been tested by various experiments over 
the past few decades, however it has a few shortcomings. First, it is applicable only 
when the Wiedemann-Franz law holds in all parts of the system. Thus, when the system 
contains an insulator barrier in the current path, which is the case in magnetic tunnel 
junctions (MTJs), the equation is not applicable. Furthermore, this equation provides 
only the steady state temperature, while information on the temporal variation of the 
temperature is desired for certain device applications. In this paper, we solve the time-
dependent heat conduction equation for a nanopillar geometry, which may contain an 
insulating layer in the current path. After some reasonable approximations, a time 
dependent analytic solution for the heat conduction equation is obtained by employing 
the Green’s function method. 12 , 13  Though the calculation scheme bears some 
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resemblance to that used for nanowire studies,14,15 it turns out that the temperature 
increments in nanopillars and nanowires have noticeable differences. We also test and 
confirm the validity of the approximations by performing numerical calculations using 
commercial finite element method software.16 The result is also compared with that 
given by Holm’s equation. This paper is organized as follows. In Sec. II, we derive the 
analytic expression for the temperature increment for a homogeneous nanopillar, and a 
comparison with Holm’s equation is given in Sec. III. In Secs. IV and V, we apply the 
analytic expression to spin-valve and MTJ nanopillars, respectively, and compare the 
results with those obtained from the numerical simulations. In Sec. VI, we compare the 
temperature increments for the nanowire and nanopillar systems. A more detailed 
comparison between the calculation results and reported experimental data is given in 
Sec. VII. The conclusions are presented in Sec. VIII. 
 
II. ANALYTIC EXPRESSION FOR THE TEMPERATURE INCREMENT IN A 
NANOPILLAR 
In order to solve the heat conduction equation for the nanopillar geometry, we make 
the following approximations. First, the heat generated in the electrodes is ignored and 
the heat is assumed to be generated only inside of the nanopillar. This approximation is 
reasonable, since the nanopillar is generally much smaller than the electrodes and the 
current density in the nanopillar is much higher than that in the electrodes. Furthermore, 
the nanopillar includes high resistivity materials such as a barrier layer and/or 
antiferromagnetic layer. Thus, most of the power consumption occurs within the 
nanopillar. For the sake of simplicity, semi-infinite electrodes are considered below. 
Second, we ignore the heat conduction through the insulator layer surrounding the 
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nanopillar (not to be confused with the insulator layer within the current path of an 
MTJ), as shown in Fig. 1 (a). To verify this approximation, we perform numerical 
simulations of the heat conduction equation, taking explicit account of the heat 
conduction through the surrounding insulator. Commercial finite element software is 
used for the simulations. SiO2, Si3N4, and a fictitious insulator material whose thermal 
conductivities are 20, 1.4 and 0.01 W/m K, respectively, are used as the surrounding 
insulator layers. The temperature increments, TΔ , at the center of the nanopillar 
generated by a 10 ns pulse are plotted in Fig. 2 as a function of time. Note that the 
results of the two real insulators are very similar to that for the fictitious insulator 
material with negligible heat conductivity, thereby confirming the validity of the second 
assumption. Thus, the insulator may be replaced by a vacuum with zero thermal 
conductivity. Third, the nanopillar is assumed to be mirror symmetric with respect to the 
z=0 plane. Although real nanopillars do not have mirror symmetry, explicit numerical 
calculations (Secs. IV and V) suggest that the breaking of the symmetry does not 
significantly affect the result. 
Once mirror symmetry is imposed, the calculation can be considerably simplified. The 
geometry can be simplified as shown in Fig. 1 (b) and the temperature increment at the 
center of the nanopillar can be calculated in two steps. In the first step, we calculate the 
temperature increment, TΔ , at the interface between the nanopillar and the electrodes. 
In the second step, the temperature difference between the interface and the center of 
the nanopillar is calculated. The calculation of the first step is similar to the nanowire 
problem.14 Following the procedure described in Ref. [14], the original nanopillar 
problem is simplified to the structure shown in Fig. 1 (c), where the half nanopillar is 
regarded as a heat source generating the downward heat flow, ( ), ,Jg x y t , into the 
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bottom electrode. If we assume uniform Joule heating inside of the nanopillar, the true 
lateral profile of the generated heat is given by  
2 2
True 0
2 2( , , ) 12J x y
P x yg x y t
r r
θ ⎛ ⎞= − −⎜ ⎟⎜ ⎟⎝ ⎠
,      (1) 
where ( )xθ is a step function. However, the mathematical treatment of this realistic 
heat source is rather complex, so that we take the approximation of a Gaussian heat 
source for the sake of mathematical simplicity, as we did in the nanowire case. 14,15,17 
2 2
0
2 2
2( , , ) expJ
x y x y
P x yg x y t
r r r rπ
⎛ ⎞= − −⎜ ⎟⎜ ⎟⎝ ⎠
,      (2) 
where 0x xr rα= , 0y yr rα= , and 0xr  and 0yr  are the radii of the nanopillar in the x and 
y directions, respectively. The lateral profiles of the realistic and Gaussian heat sources 
are illustrated in Fig. 1 (c). During this approximation, we introduce an adjustable 
parameter, ~ 1α , which is of the order of unity. The physical meaning of α  becomes 
clear when we compare Eq. (2) and (1) and, from Fig. 1 (c), it can be seen that α  is 
an adjustable parameter related to the effective radius of the heat source. Let 0 2P  
denote the Joule heating generated inside of the half nanopillar due to the current 
density, J, where P0 is given by 
( )2 20 0 0 02
0
0 0
x y x y
NP x y NP
d r r J r r dJ
P RI
r r
π π
σ π σ= = = .     (3) 
Here, NPσ  and d  are the electrical conductivity and height of the nanopillar, 
respectively. Let us focus on the most interesting place, the center of the interface 
between the nanopillar and the bottom electrode. To make the connection with the 
nanowire calculation14 straightforward, we choose this center point as the origin of the 
system in the first step of the calculation. For simplicity, we assume axial symmetry, viz. 
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0 0 0 0, x yr r r r rα= = = . Using a similar procedure to that described in Ref. [14], the 
temperature at the center of the interface, ( ) ( 0, 0, 0, )ET t T x y z t≡ = = = , is readily 
obtained for a step pulse of pulse duration time, pt : 
( ) ( )0E ET t T G t= .           (4) 
where  
2
0 0
0 2
0
2 ,
2E E NP E
P r dJT
r K Kπ α πασ= =         (5) 
( ) ( ) ( )-1 -1
0 0
22
tan tan E pE p
t tt
G t t t
r r
πμπμ θα α
⎛ ⎞⎡ ⎤−⎡ ⎤⎜ ⎟⎢ ⎥= − −⎢ ⎥⎜ ⎟⎢ ⎥⎢ ⎥⎜ ⎟⎣ ⎦ ⎣ ⎦⎝ ⎠
.      (6) 
Here, ( )tθ  is the step function and EK  is the thermal conductivity of the electrode. 
For 
2 2
0
4 E
rt ατ πμ>> ≡ , ( ) 02EE
TT t π→ ∞ =  since ( ) 2G t π→ ∞ = . Here, the time 
constant, τ , is about 121.8 10 s−×  for a Cu electrode with 0r =  50 nm. The physical 
meaning of τ  will be discussed later. 
Next, we calculate ( )NPT t , the temperature increment at the center of the nanopillar. 
The heat conduction within the nanopillar is almost one-dimensional, since the heat flux 
from the nanopillar to the surrounding insulator is negligible, as demonstrated above. 
For the moment, we ignore the temporal variation and focus only on the steady state 
profile. At the steady state, the time dependence in the heat conduction equation can be 
ignored. We build up a one dimensional heat conduction equation, 
2
2
( ) 1 ( ) 0.NP
NP
T z g z
z K
∂ + =∂         (7) 
where the heat source ( ) 02 2
02
Pg z
r dα π=  and NPK  is the thermal conductivity of the 
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nanopillar. Here, we shift the origin of the coordinate system to the center of the 
nanopillar. The solution of Eq. (7) is easily obtained with the proper boundary 
conditions: ( ) 0/ 2 2NP ET z d T
π= ± = . By assuming mirror symmetry, we can find the 
solution at 0z = . 
( ) 0
0
0 1 .
2 4
E E
NP
NP
T K dT z
K r
π
α
⎛ ⎞= = +⎜ ⎟⎝ ⎠
       (8) 
Equation (8) has no time dependence, because we neglect it during the derivation 
procedure. According to the numerical study, however, it is found that the time 
dependences of ( )NPT t  and ( )ET t  are similar to each other, as shown in Fig. 3. 
Therefore, it is reasonable to approximate the time dependence of ( )NPT t as follows,  
( )0
0
( 0, ) 1 .
4
E
NP E
NP
K dT z t T G t
K rα
⎛ ⎞= = +⎜ ⎟⎝ ⎠
       (9) 
This is the central result of our study. We remark that even though Eq. (9) is derived 
for a homogenous metallic nanopillar, it is applicable to a much wider class of 
nanopillar systems. For a multilayer stack, for instance, Eq. (9) remains valid after 
trivial replacements: ,NP eff NP effK Kσ σ→ → , where the effective electrical and 
thermal conductivities effσ  and effK  , respectively, are defined by 
1 1 2 2 ,eff N Nd d d dσ σ σ σ= + + +?       (10) 
1 1 2 2 .eff N Nd K d K d K d K= + + +?       (11) 
Here, di, σi, and Ki are the thickness, electrical conductivity, and thermal conductivity 
for the i-th layer, respectively, in the multilayer stack. In later sections, we will also 
demonstrate the applicability of Eq. (8) to spin valve structures (Sec. IV) and MTJ 
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nanopillars (Sec. V). 
A comparison between Eq. (9) and the numerical calculation is depicted in Fig. 4 (a) 
for the simple nanopillar configuration, where the nanopillar consists of a single 
metallic material and, thus, the mirror symmetry is respected. In this numerical 
calculation, both the nanopillar and the top/bottom electrodes are made of Cu and the 
insulator layer is assumed to be made of SiO2. Both the radius and thickness of the 
nanopillar are 50 nm and the current density J = 1012 A/m2. With the adjustable 
parameter, 0.885α = , the agreement between the numerical result and Eq. (9) is 
almost perfect. Here, we discuss briefly the physical meaning of 
2 2
0
4 E
rατ πμ= . It is clearly 
a characteristic time scale in this problem. It must be pointed out that τ  is mainly 
determined by the diffusion constant of the electrodes, not the nanopillar materials. 
Since thermal stabilization is achieved when the input heat is balanced by the escaping 
heat, it is natural that τ depends on the thermal diffusion constant of the electrodes. 
Also, the relevant length scale of the heat is the radius of the nanopillar. According to 
Eq. (9), the temperature will be saturated within a few τ . For example, about 94 % of 
the temperature increment is achieved within 10t τ=  in the case of semi-infinite 
electrodes for a full metallic system. A typical metal electrode gives τ ~ 1~10 ps, so 
that the temperature of the nanopillar will be saturated in less than a nanosecond. It 
must be remarked that the typical pulse width for an MTJ is longer than 1 ns. Therefore, 
the temperature of the nanopillar will always be saturated in a real experimental 
situation. 
 
III. HOLM’S EQUATION 
In this section, we demonstrate that in the steady state limit (t→∞), our results are in 
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good agreement with Holm’s equation for metallic nanopillars. R. Holm showed that the 
temperature increment can be expressed as follows:11  
2
2 2
max 0
3
4 B
eRIT T
kπ
⎛ ⎞= + ⎜ ⎟⎝ ⎠
,                   (12) 
where R, I, kB, T0, and Tmax are, respectively, the resistance of the system, current, 
Boltzmann constant, ambient temperature, and the maximum temperature in the nano 
contact. For a small temperature increment, Eq. (12) can be rewritten as 
2
max 0
max
3
8 B
eRIT T
T kπ
⎛ ⎞≈ + ⎜ ⎟⎝ ⎠
.                       (13) 
For a nanopillar structure that consists of a nanopillar and two electrodes, 
22
21
r
r
r
dRRR
ENP
ENP πσ
β
πσ +=+≈             (14) 
where the second term represents the contribution of the electrodes. Since we assume 
that the size of the electrodes is semi-infinite, their contribution to the resistance is only 
limited around the contacts. A rough estimation of this contribution is the area, 2rπ , 
and length r  with a conductivity of Eσ . Therefore, the resistance of the electrodes is 
2
2
E
r
r
β
σ π  where we introduce an adjustable parameter, β , which is of the order of unity. 
For NP ER R>> , which is usually the case, the temperature increment can be written as 
2 2
0
max 0
max 0
3 1
2 4
E
B NP E NP
r dJe dT T T
k T r
β σ
π σ σ βσ
⎛ ⎞⎛ ⎞⎛ ⎞Δ = − ≈ +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
.          (15) 
Finally, by using the Wiedemann-Franz law,18  the electrical conductivity (of the 
electrode?) can be replaced by its thermal conductivity, 
2
0
0
1
2 4
E
NP E NP
r dJ K dT
K K r
β
σ β
⎛ ⎞Δ ≈ +⎜ ⎟⎝ ⎠
.      (16) 
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Equation (16) is identical to the prediction of Eqs. (8) and (9) in the limit of 
t → ∞  (except for the adjustable parameters β ). This demonstrates that for metallic 
nanopillars, the long-term behavior of our results agrees with that of Holm’s equation. 
 
IV. SPIN-VALVE STRUCTURE 
The real nanopillars used in STT applications usually have a spin-valve structure and 
do not respect mirror symmetry. Here, we test the applicability of Eq. (9) to a real 
nanopillar structure by numerically calculating the temperature increment in a realistic 
nanopillar structure and comparing it with that given by Eq. (9). To take a specific case, 
we consider a spin-valve nanopillar consisting of multilayer stacks such as Ta(10 
nm)/IrMn(10 nm)/Co(15 nm)/Cu(10 nm)/Co(2.5 nm)/Ta(2.5 nm).5 The values of the 
electrical and thermal conductivities of the various layers are listed in Table I. Figure 4 
(b) shows the temperature increment in the spin-valve at the center of the nanopillar, 
which is inside of the thick Co layer. The solid line represents the result of Eq. (9) with 
1.10α = . Note that even though the mirror-symmetry assumption does not hold in the 
spin-valve structure, Eq. (9) still remains reasonably accurate. 
 
V. TUNNELING JUNCTION STRUCTURE 
The MTJ structure is the basic building block of STT-MRAM (Magnetoresistive 
Random Access Memory). Since the MTJ has an insulator barrier layer within the path 
of the current flow, Holm’s equation cannot be used. The heating in the MTJ comes 
mainly from the heat dissipation of the hot electrons tunneling through the insulator 
barrier and, for the typical voltage difference applied to the MTJ,19 the relation between 
the tunneling current and voltage is not Ohmic. However, the concept of Joule heating is 
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still valid. Here, we test the applicability of Eqs. (8) and (9) to the MTJ structure. 
A numerical study for TΔ  in an MTJ has previously been reported.19 The nanopillar 
for the MTJ consists of two ferromagnetic layers and a ~1 nm thick insulator barrier 
layer, and the heat is mainly produced around the insulator barrier layer, due to the hot 
electrons, rather than in the whole nanopillar structure. We assume semi-infinite top and 
bottom electrodes, as in the previous case, and perform numerical simulations. We 
consider an applied voltage of 0.5-V with a current of 200-μA, which are the typical 
switching conditions for STT MRAM.20 The corresponding current density is 2.5ä1010 
A/m2. The energy dissipation in the system is P0 = 10-4 W. For TE0, we can use the first 
definition in Eq. (5) with the given P0 instead of the second definition in Eq. (4). 
Therefore, we do not need the electrical conductivity information of the nanopillar. For 
the effective thermal conductivity concept is used. Here, we assume that the top and 
bottom ferromagnetic layers are made of Co instead of multilayer stacks, for the sake of 
simplicity. And we assume that the heat is generated only in the vicinity of the MgO 
barrier layer due to the hot electrons. It must be mentioned that the numerical results are 
not sensitive to the size of the dissipation region. We consider a nanopillar with a radius 
and thickness of 50-nm, and the numerical results of the temperature increment as a 
function of time with pulse duration tp = 10 ns are plotted in Fig. 5. We also plot Eq. (9) 
with 0.897α = . Surprisingly, the agreement is as good as that obtained in the metallic 
system, which implies that Eq. (9) is well able to describe the MTJ nanopillar case, 
where Holm’s equation is not valid.  
 
VI. NANOPILLAR VS. NANOWIRE: TEMPERATURE INCREMENT 
Here, it must be mentioned that the calculated TΔ  of the nanopillars in the case of 
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the simple metallic, spin-valve or MTJ systems, is only of the order of 1 K in our study. 
This result is in clear contrast with the result of the nanowire system where the Joule-
heating is very severe and the temperature of the nanowire sometimes exceeds the Curie 
temperature of the system.21 The typical TΔ  of the nanowire is of the order of several 
hundred K. In order to explain the large discrepancy between the nanowire and 
nanopillar cases, we compare the leading terms of Eq. (9) and the nanowire case, 
2
~WIRE
NW S
whJT
KπσΔ .
14,15 Here, w, h, and NWσ are the width, thickness, and electrical 
conductivity of the nanowire, respectively, and SK  is the thermal conductivity of the 
semi-infinite substrate. The expressions for the nanopillar and nanowire are alike and 
the geometrical dimensions of the nanopillar and the nanowire are both a few tens of 
nanometers. However, there are two big differences between the two. The first one is 
the thermal conductivity. In the nanowire case, what is relevant is the thermal 
conductivity of the insulating or semi-insulating substrate, while in the nanopillar case, 
the thermal conductivity of the metallic electrodes is the relevant parameter. Typically, 
the thermal conductivities of metals are much larger than those of insulating or semi-
insulating materials. The second point is the total power consumption. For the nanowire, 
the total volume of the heat generating part is large, because of the semi-infinite length 
of the nanowire, while the total volume of the nanopillar is finite. Therefore, even when 
the input current density is the same for both cases, the total power consumption in the 
nanopillar is much smaller than that in the nanowire. Furthermore, the nanopillar is in 
contact with large electrodes, which are good thermal conductors. Therefore, the 
generated heat can escape easily through the electrodes and it is natural for the TΔ  of 
the nanopillar to be much smaller than that for the nanowire. 
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VII. COMPARISON WITH EXPERIMENTAL DATA 
In order to compare our analytic and numerical results with the reported experimental 
data, we collected the published experimental data from many groups, as shown in 
Table II.2,5,22,23,24 The TΔ  values are evaluated from the resistance increments by 
using the relation TR R TαΔ = Δ  for the metals. Here, Tα is the temperature 
coefficient of resistivity and Tα ~5×10-3 (K-1) for various transition metals.25  It must 
be mentioned that the estimation of TΔ  by this method may contain errors, but we 
believe that the order of magnitude remains correct for metallic systems, since their 
magnetoresistance is rather small (~1 %).  
The typical increment of R RΔ  due to the temperature increment in metallic 
systems is about 5 % for J = 1012 A/m2, which corresponds to TΔ ~ 10 K. This is much 
larger than our estimated value for a simple Cu nanopillar ( TΔ ~0.05), but is in 
reasonable agreement with the spin-valve result ( TΔ  ~ 4 K) shown in Figs. 4 (a) and 
(b). Here, we would like to point out that the electrical and thermal conductivities of Ta, 
IrMn, and MgO are much smaller than those of typical ferromagnetic and nonmagnetic 
metals, as tabulated in Table I. According to Eq. (9), the smaller effective electrical and 
thermal conductivities of the spin-valve are ascribed to the larger TΔ  for the same J. 
Furthermore, it has been pointed out that the experimentally measured resistances of 
nanopillars are somewhat larger than their bulk values.26 We introduce a parameter k 
(=Rexp./ Rnom.), which is the ratio between the experimentally measured and nominal 
resistances. Because of the unavoidable interface resistances in the multilayer stacks, k 
= 1~5 is a reasonable range of values.26 If the electrical conductivity of the nanopillar 
decreases, the thermal conductivity also decreases, and the temperature is raised further. 
While we can extract TΔ  for spin-valve systems from the published experimental 
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data, it is impossible in the case of the MTJ, because the tunneling magnetoresistance is 
too large (~100 %) in comparison to the changes due to TΔ . In the MTJ case, even 
though the MgO barrier is not a good thermal conductor, the thickness of MgO is only 1 
nm, while that of the antiferromagnetic layer is >10 nm for the spin-valve structure. 
However, for the MTJ with a large electrical resistance, the power consumption is larger, 
so that TΔ  will be large. Unfortunately, it is rather difficult to extract TΔ from the 
published data by using the relation TR R TαΔ = Δ , since the tunneling 
magnetoresistance is quite large (~100%) in MTJs and can induce a non-zero RΔ  even 
when TΔ =0.  
Furthermore, it should be mentioned that we assume semi-infinite top/bottom 
electrodes in our study, which is not realistic. Especially, this assumption is totally 
incorrect in real STT-MRAM device structures, where the electrodes are a kind of 
nanowires and have small volumes. Therefore, our study is not applicable to realistic 
devices. For device level analyses, some excellent numerical works have previously 
been published.27 
 
VIII. CONCLUSIONS 
In conclusion, we derived a time dependent analytic solution of the temperature 
increment in a Joule heated nanopillar for the study of the STT in magnetic multilayers. 
The validity of the analytic expression is confirmed by the comparison between the 
numerical calculations and Holm’s equation. It is also confirmed that the analytic 
expression is applicable to an MTJ nanopillar that contains an insulating layer in the 
current path. From the analytic and numerical calculations, we found that the 
temperature increment of the nanopillar is not large for metallic and low resistance MTJ 
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systems. The validity of the present expression is also confirmed by the comparison 
with the estimated temperature increment obtained from the published experimental 
data. 
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Figure Captions 
 
Fig. 1 (a) Schematic diagram of the nanopillar structure for the heat conduction 
equation. The outward heat flux from the nanopillar is assumed to flow only to the top 
and bottom electrodes. The radius and thickness of the nanopillar are r and d, 
respectively.  With the assumption of mirror symmetry, the problem can be simplified, 
as shown in (b).  For the purpose of calculating the temperature at the interface 
between the nanopillar and the bottom electrode, the heat source can be treated as if it 
were confined at the interface, as shown in (c). (d) The temperature increment ( )0,NPT t  
at the center of the nanopillar can be obtained from the one-dimensional heat 
conduction equation with ( )ET t  [Eq. (3)] as the boundary condition at the two ends of 
the nanopillar. 
 
Fig. 2. The temperature increment ( )T t  as a function of time at the center of the 
nanopillar with r = 50 nm and d = 50 nm for a pulse duration time of 10 ns and current 
density J = 1012 A/m2. For both the nanopillar and the electrodes, the material 
parameters for Cu are used, while for the insulator, three different sets of parameters 
are used; SiO2 (K=1.4 W/mK), Si3N4 (K=20 W/mK), and a fictitious insulator material 
with negligible heat conductivity (K=0.01 W/mK). The tiny difference between the 
results for the three insulators indicates that the heat conduction through the insulator 
layer is negligible.  
 
Fig. 3 Numerical calculations of temperature increment for ( )ET t  and ( )NPT t  as a 
function of time. A Cu nanopillar (r = d = 50 nm) with semi-infinite top/bottom Cu 
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electrodes is considered for J = 1012 A/m2. 
 
Fig. 4 Comparisons between numerical calculations and analytic solutions. The blue 
rectangles and the solid line represent the numerical results and Eq. (9), respectively. 
(a) For Cu nanopillar with 0.885α = . (b) For a realistic spin valve nanopillar with 
1.10α = . The effective electrical and thermal conductivities are used in the analytic 
calculations.  
 
Fig. 5 Comparisons between numerical calculations and analytic solutions for the 
MTJ nanopillar case. The nanopillar consists of Co(24.5 nm) /MgO (1 nm) /Co(24.5 
nm) with semi-infinite top and bottom electrodes. The blue rectangles and the red solid 
lines represent the numerical and analytic results with 0.897α = , respectively. 
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Table I. The electrical and thermal conductivities for the various materials. 
Materials σ (Ωm)-1 K (W/(m K) 
Ta 6.5×105 58 
Co 1.6×107 692 
Cu 5.9×107 400 
IrMn 6.8×105 35.6 
MgO  45 
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Table II. The value of TΔ calculated from the resistance changes for various published data. The value 
of k is estimated from Rnom= d Aρ  with the bulk resistivity. In some cases, the thickness of the nano-
pillar is not clear, so that we estimate k (=Rexp/ Rnom) roughly. 
 
Pillar structure R (Ω) Pillar size 
(nm×nm)
J (1012 
A/m2) 
k R RΔ
 
TΔ  
(K) 
Ref. 
Cu/Co/Cu/Co/Cu/Pt 18.95 130×70 1.12 18.2 0.04 9.8  [2] 
Ta/IrMn/CoFe/Cu/CoFe 0.53 100×150 3.3 1.39 0.04 9.7 [5] 
Ta/Cu/CoFe/Cu/CoFe/Cu/Ta 3.87 110×270 0.98 15.6 0.018 4.2 [22] 
Fe/Cr/Fe 3.94 70×130 0.98 7.48 0.025 5.9 [23] 
Ni/Cu/Py 2.27 70×130 1.4 3.4 0.038 9.3 [23] 
Co/Cu/Co 0.244 200×600 5.31 18.2 0.02 4.7 [24] 
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